Lesson 4: Chain Rule
ApexMath

Notes

What is the Chain Rule? The chain rule is a formula to find the derivative of a
composition of functions. If y = f(g(x)), we call f the outer function and g the inner
function.

Chain Rule formulas: There are two equivalent ways to write it:

y_dy du o rw) = @) - g @)

dr  du dx
Here, u = g(x) is the inner function. First, differentiate the outer function with respect
to the inner function, then multiply by the derivative of the inner function.
Step 1: Identify outer and inner functions Example: y = (3z + 2)° - Outer
function: f(u) = u® - Inner function: u = 3z + 2
Step 2: Differentiate each part separately - Using dy/du - du/dx notation:

du_

dy _ du
dv

du

Sut,

3

- Using f'(g(z)) - ¢'(x) notation:

flg(a)) =53z +2)", ¢'(z) =3
Step 3: Multiply the derivatives

dy dy du 4
29 _ 29 27 2)4 .
dr du dx 5Bz +2)7-3

or equivalently,
f'(x) = fg(x)) - g'(x) = 53 +2)* - 3
Step 4: Simplify
f'(z) = 15(3x + 2)*
Radicals and exponents: If the function contains a square root or cube root, rewrite
it as a fractional exponent first:

Vr=z"? Yz =23

Then apply the chain rule normally.
Why it works: The chain rule accounts for how the inner function g(z) changes and
how that affects the outer function f(u). Multiplying dy/du by du/dx or f'(g(x)) by
¢'(z) combines these rates of change.



Pro Tips

Always identify and label outer and inner functions.

Differentiate step by step and write each derivative separately.

Rewriting radicals as exponents makes differentiation easier.

Check your final simplification carefully.

For product + chain rule problems (bonus), apply each rule one at a time.

Examples

Example 1: f(z) = (3z +2)°
Step 1: Outer and inner functions: y = u°, u = 3z + 2

Step 2: Derivatives:

dy ., du
@ =bu s % =3
Step 3: Apply chain rule:
dy dy du 4
A A 2)4.
der du dzx SBr+2)"-3

Step 4: Simplify:
f'(z) = 15(3z + 2)*

F(x) = 15(3x+2)*

Example 2: f(z) =12z +1
Step 1: Rewrite radical: y = v'/?, u =2z +1

Step 2: Derivatives:
dy 1 45 du
— = —Uu R

du 2 " dx
Step 3: Apply chain rule:

dy dy du 1 1
=2 =2z +1)7Y2.2
dr du dx 2(x+)

Step 4: Simplify:
1

V2r+1
Plx) = 1/v2z + 1

F'(e) = 2z +1)72 =




Common Mistakes

Forgetting to multiply by the derivative of the inner function.
Confusing outer and inner functions.

Skipping steps when simplifying exponents or radicals.

Not rewriting radicals before differentiating.

Applying the chain rule more than once unnecessarily.

Worksheet Problems

O Lo o

fla) = (4z + 1)°
f(z) =+/bx —3
F(2) = (2 + 1"
f(x) =+/3x+2
Bonus: f(x) = (z +1)(z —2)3

Answer Key

1. f(z) = (4 + 1)

Step 1: Identify outer and inner functions:

Outer: f(u) =u®, Inner: u=4dx +1

Step 2: Differentiate each part:

dy 5 du
A — =4
du U, dx
Step 3: Apply chain rule:
dy dy du 9
—=—=.—=304 1)*-4
dr  du dx (4o +1)

Step 4: Simplify:

f'(z) = 12(4x + 1)?
f(x) = 12(4x+1)2

2. f(z) = Er =3

Step 1: Rewrite radical as exponent and identify outer/inner functions:

y:ul/Q, u=>5r—3

Step 2: Differentiate:

d 1 d

du 2 ’ dx:5



Step 3: Apply chain rule:

Step 4: Simplify:

/ o § —-1/2 __ 3
f(x) = 5 (52 = 3) = 3

3. f(z) = (a2 + 1)°
Step 1: Identify outer and inner functions:

flu)=u*, u=2"+1

Step 2: Differentiate each part:

dy du

< =4, — =2

du Y *
Step 3: Apply chain rule:

d

% =4(2* +1)* 22

Step 4: Simplify:

4. f(x) =3z +2
Step 1: Rewrite radical as exponent and identify functions:

y:ul/?’, u=3r+2

Step 2: Differentiate each part:

d 1 d

du 3 ’ dx:?)

Step 3: Apply chain rule:

dy dy du 1 o
L =2 T T (3x+2)72/3.3
dr  du dx 3(:17+)

Step 4: Simplify:
1

"(2) = (3x -2/3 _
Fa) = Go+ 27 = e



P =1/¢Brvr2? |

Bonus. f(z) = (z+1)(z —2)3

Step 1: Identify functions for product rule:

u=z+1, v=(rx—2)?

Step 2: Differentiate each part:

Step 3: Apply product rule:

d
%:u’v+uv':1-(x—2)3—|—(x+1)-3(9€—2)2

Step 4: Factor common terms:
@)= (z—2)*((x —2) +3(x+ 1))
Step 5: Simplify inside parentheses:
(x—2)+3(x+1)=4dz+1

Step 6: Final derivative:
fla) = (v - 2)*(4z + 1)

f'(x) = (x-2)*(4x + 1)

Thank you for learning with ApexMath!

If you found this lesson helpful, we’d love for you to share your feedback or leave a review.
End of Lesson e ApexMath




