Integrals Unit Review
ApexMath

Part 1: Riemann Approximation

4
1. Approximate / (2% + 2) dz using n = 4 subintervals with the Left Sum L,.
0

3
1
2. Approximate / — dx using n = 4 subintervals with the Trapezoidal Sum 7.
LT

2
3. Approximate / e’ dx using n = 4 subintervals with the Midpoint Sum M.
0



Part 2: Defining the Integral as a Limit of Riemann
Sums

3
4. Write / (> + 1)dr as a limit of a Riemann sum using right endpoints. Do not
0

evaluate.

5. Identify the definite integral represented by:

" 3i\? 3
li 94+ 22) .2
ngngo;(m) .

2
6. Write / 23 dz as a limit of a Riemann sum using right endpoints, then evaluate the
0

limit.

n 2
Recall: Zf‘ = [@}
i=1



Part 3: Fundamental Theorem of Calculus

d x
7. Find %/1 (t* — cost) dt.

d [~
8. Find %/0 sin(t?) dt.

d [*
9. Find —/ et dt.
dz [,

4
10. Evaluate / (322 — 22 + 1) du.
1

w/2
11. Evaluate / (sinz + cosz) dx.
0



12. Evaluate/ édm.
1T

Part 4: Antiderivatives

13. Find the general antiderivative of f(z) = 5z* — 6% + 3.

2
14. Find / (\/3 2 + —3> dz.
x

15. Given f'(x) = 62* — 4z and f(1) = 3, find f(x).

16. Given f”(z) =4z, f'(0) = 1, and f(0) = 2, find f(z).



Part 5: Indefinite Integrals

2
17. Find / (7ex —4cosx + —) dz.
T

4 2
_ 1
18. Find /ud;p.

2
(Split the fraction first.)

2
19. Find /%dm

(Expand, then split.)

Part 6: Properties of Definite Integrals

20. Given /5 f(z)dx =12 and /59(33) dr = —3, find /5[3f(x) —2g(z)] dx.
0 0 0



7 7 4
21. Given / f(x)dr =10 and / f(x)dx =6, find / f(x)dx.
1 4 1

22. Suppose 1 < f(z) < 4 for all = in [2,6]. Use the bounding property to give upper and
6
lower bounds for / f(z)dx.
2

Part 7: U-Substitution

23. Find / (4x + 3)° d.

24. Find /372 cos(x?) du.

eV
25. Find/ﬁdx.



2
26. Evaluate/ z(z? + 1) dx.
0

Part 8: Integration Using Trig Identities

27. Find /COSQ(ZE) dzx.

28. Find /sin?’(x) cos?(z) da.

29. Find /tan2($) dx.



Part 9: Integration by Parts

30. Find /msin(x) dx.

31. Find /xge” dz.

32. Find /ln(x) dz.

33. Evaluate/ xIn(x) dx.
1



Part 10: Trigonometric Substitution

) 1
34. Fmd/mdx.

35. Find /\/9—3&2 dz.

1
36. Find/ dx.
2/ 22 + 4

Part 11: Partial Fraction Decomposition

37. Find / g+l
(x —1)(z + 3)




2
38. Find / 2rE5
(z+1)2

2
2
39. Find / R,
x(x? 4+ 1)

Part 12: Improper Integrals

>~ 1
40. Evaluate / —de.
5 T

0
41. Evaluate / 3 dx.

—00

10



1
1
42. Evaluate / — 75 dx.
o /3

4
1
43. Evaluate/o mdl’

(Asymptote at interior point x = 2. Split there.)

11



Answer Key — Integrals Unit Review
ApexMath

Part 1: Riemann Approximation

4
1. L, for/ (2% +2)dx, n = 4.

0
Ax = 1. Endpoints: g = 0,21 = 1,20 = 2,23 = 3,14 = 4.

f0)=2, f(1)=3, f(2) =6, f(3) =1L
Ly =124 3+ 6+ 11]

°1
2. T, for/ —dx,n=4.
1

x
Az = 0.5. Endpoints: 1,1.5,2,2.5,3.
F(1) =1, f(1.5) ~ 0.6667, f(2) = 0.5, f(2.5) = 0.4, f(3) ~ 0.3333.

0.5
Ty = - [142(0.6667)+2(0.5)+2(0.4)+0.3333] = 0.25[1+1.3334+1-+0.8+0.3333] = 0.25(4.4667)

T, ~ 1.1167
2
3. M, for / e“dr,n=4.

Az = 0.5. Midpoints: 0.25,0.75,1.25, 1.75.
£(0.25) ~ 1.2840, f(0.75) ~ 2.1170, f(1.25) ~ 3.4903, f(1.75) ~ 5.7546.
M, = 0.5[1.2840 + 2.1170 + 3.4903 -+ 5.7546] = 0.5(12.6459)

M, ~ 6.3230

Part 2: Riemann Sums and the Integral

3 31 94>
4. Ax:—,xi:—z, f(xi):%—l—l.
n n n

/3(2+1)d li En 9i2+1 5
T r = 11Im — —
0 n—o0 4 n? n

12



3 3i
5. Ax:—,:ci:2+—l
n n

2i\ 2
, f(xy) = <2 + —Z> . Lower limit @ = 2, upper limit b = 5.
n

Part 3: Fundamental Theorem of Calculus
7. FTC Part 1 directly: replace t with z.

d X

— t* —cost)dt = z* — cosx
i /. ( )

3

8. Upper limit g(z) = 23, ¢'(x) = 322. Apply chain rule.

3

i |, sin(t?) dt = sin(2°) - 32

2

9. Split at constant c: ff = f‘r —fx.

C c

2

d * t d mt . 22 x
o i edt—%/cedt—e 2r —e

22

d
— et dt = 2xe™ — e*
dz

xT

10. F(x) = 2® — 2% + z.
1

[1:3—x2+a:] —(64—16+4)—(1—-1+1)=52—1
1

13



1
/ (322 — 2z + 1) dx = 51
1

11. F(z) = —cosx +sinz.

[— cosx+sina:]6r/2 = (—cos(m/2) +sin(n/2)) — (—cos0+sin0) = (0+1)— (—=14+0) =1+1

w/2
/ (sinz + cosz)dx = 2
0

12. F(x) =3In|z|.

[31nx]e —3Ine—3Inl=3(1)—3(0) =3

1
/ §dx:?)
LT

Part 4: Antiderivatives

13. Apply reverse power rule term by term.

F(z)=2"-22"+32+C

14. Rewrite: 22/3 + 2273,

3 22 3 1

—_— C=c2P- S +C

53 2 T T aT
3 55 1

15. f(z) =223 — 22>+ C. Use f(1)=3:2—-2+C=3=C =3.

f(z) =22 —22* +3

16. Integrate twice.
f'(z) = [4zdr =22* + Cy. Use f'(0) =1: C; =1. So f/(z) = 22* + 1.

f(x):f(2x2+1)dx:%x3+x+02. Use f(0) =2: Cy = 2.

23
f@) =5 +a+2

14



Part 5: Indefinite Integrals
17.

7e® —4dsinz 4 2In|z|+ C

18. Split: 2% — 3 + 272

T

— —3x——+C
3 . x+
3

T

— —3rx——+C
3 v x+

19. Expand (z + 2)? = 22 + 4z + 4. Divide by '/2: 2%/2 4 42Y/2 4 42712,

135/2 .733/2 .Z‘l/Q 2 8
4 X 4 X C i 5/2 e 3/2 8 1/2 C
5/2—|— 3/2—|— 1/2+ Bw +3:1: + 3z +

2 8
51'5/2 + 51'3/2 + 8\/5 + C

Part 6: Properties of Definite Integrals
20. 3(12) — 2(—3) =36 +6

/5[3f—2g]dx:42
0

7 4 7
21. Additivity:/ :/ +/ ,50 10 = [, +6.
1 1 4

flz)dx =4
1

22. m=1,M=4,b—a=4.

4S/Gf(x)dm§16
2

15



Part 7: U-Substitution
23. u=4x + 3, du = 4dx, dx = %“.

A~ =

24. u =23 du = 32*dx, 2*dx = %".

1

gsin(u)—i—C’
(3
sin(x?) Lo
3
25. u=/r, du:ﬁda:, %z?du.

Q/e“du:2e“—|—0

2eVT 4+ C

26. u =22+ 1, du = 2vdr. Limits: t =0=u=1; 2 =2= u=>5.

1, 1[u*]” 1 625-1 624
— d = — e = — . e :78
2/1“ N 2{4]1 2 4 8

2
/ z(z? +1)3dr =78
0

Part 8: Trig Identities

27. Use cos’z = %:
1 in 2
5/(1+cos?m)dx:;+ 51114 ‘io
x  sin(2x)
= C
2 + 4 +

16



2

28. Odd sin power. Save sin x, convert sin®z = 1—cos?z. Let u = cos x, du = — sin x du:

3 5
— [ —wPdu=-2+ 4 C
/( u”)u” du 3+5+

cos®>r  cos’x
— + +C
3 5)

29. Use tan?x = sec’x — 1:

/(sec2x—1)dx:tanx—x+0

’tanx—x+C’

Part 9: Integration by Parts

30. u =2z, dv=sinxdxr, v=—cosz.

—xcosx+/cosxdx = —zcosz +sinr + C

’—xcosx+sinx+0

31. Two applications of IBP.
First: u = 22, dv = " dx: 2% — 2 [ ze” dx.
Second: u =z, dv = e* dx: xe® — e*.

r2e” — 2(xe” —e*) 4+ C

’erx — 2xe” 4+ 2e” + C"

32. u=Inz, dv = dxz, du:%dx, v = .

xlnx—/ldx:xlnx—:c—l—C

’xmx—x+0‘

z?

5

3321 ¢ /e:cd e [22]° e -1 2% —(e2—-1)
—Inz| — [ Sdr=—— || =—— =
o ML T2 > |4

e 2 1
/ rlnzdr = ©“t
1

33. u=Inz,dv=xdx,v=

17



Part 10: Trig Substitution
34. r =sinf, dx = cosfdb, /1 — x? = cosb.

/ cos df =6 + C = arcsin(z) + C
cos 6

arcsin(z) + C

35. a =3, x=3sin6, dv =3cosfdf, /9 — x> = 3cos¥b.
9

/30089-30059d9:9/cos29d9: 2 {9—1—811126} +C = §9+§sin6c089+0

2 2

V9—z2
3

Reference triangle: sinf = £, cos = , 0= arcsin(%).

+C

2 3 3

9 /T 9 z V9 — 22
= 5 arcsm<§> +

9 <x>+mm+

— arcsin
2

36. x = 2tan0, dv = 2sec?0df, Va2 + 4 = 2sech.

2sec? 6 1 [ cosf 1 cscl
do = - do = - Ocothdh = —
/4tan26’~23609 4/sin26 4/CSC <0 4
Reference triangle: tan = §, csct = —””;*4.
1 24+ 4

+C

——dx =
22/ 2?2+ 4 4z

Part 11: Partial Fraction Decomposition

37 dr +1 _ A B
(z-1(x+3) z-
dr+1=A(x+3) + B(
x:1:5:4A:>A:§. r=-3 —11=—-4B=B=1

1

) 11
Zln|x—1|+zln|x+3|+0

38 2v+5 A n B
(w12 x4+l (p+1)2

18

+C



20 +5=A(x+1)+ B. x =—1: 3= B. Match x: A=2.

(x+ 1)1 .

3
2o+ 1]+ = (<) + C

3
21n|x—|—1\—x—+1+0

x? 42 A Bz+C
39, —M= — + —.
z(z?4+1) =z 2241
2?4+ 2=A(z*+1)+ (Bx + O)z.
r=0:2=A. Matchz*>: 1=A+B= B=—1. Match z!: 0 =C.

2 1
/(—— - 1)dx:2ln\x]—§1n(ac2+1)—|—0

r 1+

1
2In |x| — Eln(ﬁ—l—l) +C

Part 12: Improper Integrals

40.

. N L 1 1 1

lm |[——| =lm | ——=+=] ==

t—o00 3;'2 t—o0 t 2 2
<1 1
[ Lanl
9

41.

42. Asymptote at = 0 (lower limit).

2/371
lim |2 —| = lim §—§t2/3 :§
t—0t 2/3 ‘ t—0t+ \ 2 2 2
| 3
/0 a5 =5

19




43. Asymptote at = = 2 (inside [0,4]). Split there.
1

Antiderivative: [ (r —2)%dr = — 5
x J—

Left piece (0 to 27):

: O L 1
lim |— = lim [ —— +
t—2— Tz — 2 0 12 t—2

1
Ast— 27, —i 5 — 400. The left piece diverges.

Since one piece diverges, the entire integral diverges.

S|
/o mdw diverges

=)

Thank you for learning with ApexMath!

If you found this lesson helpful, we’d love for you to share your feedback or leave a review.
End of Answer Key o ApexMath
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