Defining the Definite Integral

as a Limit of Riemann Sums
ApexMath

Notes

Where We Are Coming From

In the previous lesson we used rectangles to approximate the area under a curve. We
found that the more rectangles we used, the closer our approximation got to the true area.
This lesson takes that idea one step further: what happens when we let the number of
rectangles grow to infinity?

The answer is that the approximation becomes exact, and the result is called the definite
integral.

The Setup
Let f(z) be a function defined on a closed interval [a,b]. Divide [a,b] into n equal
subintervals. Each subinterval has width:

h—
Ax = ¢
n
The endpoints of the subintervals are:
ro=a, T1=a+Ax, x9=a+20Ax, ..., x,=0

In general, the i-th endpoint is:

b—a

n

rvi=a+1-Ar=a+1i-

The Riemann Sum
A Riemann sum is formed by choosing a sample point =} in each subinterval, evaluating
f there, multiplying by the width Az, and summing all n rectangles:

> fla})Aa
i=1
The most common choice of sample point is the right endpoint:

b—a

T =x;,=a+1-
n

So the right-endpoint Riemann sum is:

- b— b—
Zf(a—i—z’- a). :
i1 n n




The Definition of the Definite Integral
As n — oo, the rectangles get infinitely thin and the sum converges to the exact area.
This limit is the definite integral:

[ e = i > s s
a i=1

This is not just a formula — it is the definition of what an integral is. Every time you
write f; f(x) dx, this limit is what it means.

The Two Skills in This Lesson
This lesson focuses on moving fluently in both directions:

e Integral — Riemann Sum: Given a definite integral, rewrite it as an explicit limit
of a sigma sum.

e Riemann Sum — Integral: Given a limit of a sigma sum, recognize and write the
corresponding definite integral.

How to Go From an Integral to a Riemann Sum

b
Given / f(z) dz, follow these steps:

b—a
—

Step 1: Write Az =

h—
Step 2: Write the right endpoint z; = a + i - ¢

n
Step 3: Substitute into the sum:

b n .

Step 4: Simplify f(z;) by expanding the expression inside f.

How to Go From a Riemann Sum to an Integral

Given a limit like lim g f(zF) Az, you need to identify:
n—oo
i=1

o Azx =

1
: read off b — a from the coefficient of —.
n

xf = a+ i Ax: identify what is being multiplied by .

f: what function is being evaluated at z}.

a and b: recover the limits of integration.



b
Then write the integral / f(z)dz.

Useful Summation Formulas
When evaluating the limit directly, these formulas are essential:

”1: (1)

n

ZiQZn(n+1)(2n+1) z":ﬁ: [Mr

6

=1 i=1

Taking the Limit: Key Technique

After applying the summation formulas, you will get an expression in n. To evaluate the
limit as n — oo, divide every term by the highest power of n in the denominator. Any term
with n remaining in the denominator goes to zero.

For example:

o2n% +3 1 3 1
hmwz lim <2+_+_2>:2
non

n—oo n2 n—00

Pro Tip

When converting an integral to a Riemann sum, always use right endpoints unless
a problem specifically asks for left or midpoint. Right endpoints are the standard
convention for this type of problem.

i(b—a)

n
writing the full sum. Trying to expand inside the sigma sign all at once leads to algebra
errors.

After writing z; = a+ , immediately substitute it into f(z) and simplify before

When going from a Riemann sum back to an integral, look at the term multiplied by ¢
inside f. That term is Ax, and it tells you b — a. Then figure out a from the constant
term.

After applying summation formulas, always factor before taking the limit. Cancelling
n terms early prevents messy algebra.

Double-check your answer: if you compute the limit and it gives a reasonable finite
number, that is a good sign. If you get oo or something undefined, go back and check
your summation formula application.



Examples

3

Example 1 (Integral — Riemann Sum): Write / (2% + 1) dz as a limit of a Riemann
0
sum using right endpoints, then evaluate the limit.

Step 1: Identify a, b, and f.

Step 3: Evaluate f(x;).

(2)- -
n n n

Step 4: Write the Riemann sum.

/03(:5 —i—l)d:v—nh_)rroloz<9—2+1)
- > (%)

Step 5: Split the sum and apply summation formulas.

= Jlim, [n 27+ Zl]

. {27 n(n +1)(2n + 1) +§_n}

3I03

n—oo | M3 6 n

= lim

n—oo

[27(71 +éT)L(22n +1) N 3]

Step 6: Take the limit. Divide numerator and denominator by n?2.

2
lim 27(n+1)(2n+1) _ 2 lim 20" +3n+1 27T 59

n—o0 6’[’L2 6 n—oo TZQ 6

3
/(:1:2+1)dx:9+3
0

3
/ (22 +1)dr =12
0

4



4
Example 2 (Integral — Riemann Sum, non-zero lower limit): Write / (3z—2) dx
1

as a limit of a Riemann sum, then evaluate.

Step 1: Identify a, b, and f.

Step 2: Write Az and z;.

4-1 3 3 3
Ar=-——"=2 g=1+i-2=14+2
n n n

Step 3: Evaluate f(x;).

31 31 97 9i
f(1+_2>:3(1+_2)_2:3+_2_2:1+_2
n n n n

Step 4: Write the Riemann sum.
4 n . .
) 9 3 ) 3 27
| (32 =2y = tim 2 (1 + ;) T (a + —)

Step 5: Split and apply summation formulas.

2 1

n—oo

Step 6: Take the limit.

. 21(n+1) 27 . n+1 27 27
lim ——— = — - .

4 271 6 27
_dr =34+ L2 2f
/1(3x ) dx 3+2 5T 5

Example 3 (Riemann Sum — Integral): Identify the definite integral represented
by:
. 50\ 5
li 24— -—
DY ( + n) .

Step 1: Identify Azx.



The factor E at the end is Az, so:
n

b— 5
n n

Ax

Step 2: Identify x;.

5i
The expression being cubed is 2] = 2 + 2% This matches a + i Az, so:
n

a=2, b=a+5=7

Step 3: Identify f.
The function being evaluated at z} is f(z) = z°.
Step 4: Write the integral.

n 5:\° 5
li o+ 2) .2
n:%;<+n> .

7

= / 23 dx
2

Example 4 (Riemann Sum — Integral, trickier): Identify the definite integral:

n .
. . (T T
lim E sin{ — | - —
n—oQ —1 n n
1=

Step 1: Identify Ax.
™
Ar=— = b—a=m7
n
Step 2: Identify z;.

™ . . .
The expression inside sin is — = ¢ - Az. This matches a + ¢ Ax with a = 0:
n

a =0, b=0+nm=m

Step 3: Identify f.

Step 4: Write the integral.

n .
) (e T
lim E sinf — ) - —
n—soo 4 n n

=1

- /O " sin(z) da
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Common Mistakes

e Forgetting to substitute x; into f before writing the sum: You must replace x

i(b—a

n
sum — x must be replaced by an expression in ¢ and n.

—a
with a + inside f. Writing f(z)- —— with « still in it is not a valid Riemann
n

h—
e Confusing Az with z;: Az = % is the width of one rectangle. z; = a + i Ax is

n
the location of the right endpoint. These are two different things and play different
roles.

e Applying the wrong summation formula: Check carefully whether you have ) 1,
S~4% or >3, Using the i formula when you have 7® is a common and costly error.

e Forgetting the constant term when splitting sums: If the sum has a term with

no i in it, like —, apply >, 1 = n to handle it. Do not drop constant terms.
n

e Misidentifying ¢ when going from sum to integral: The constant term inside
f(zF) that does not involve i is a. Students sometimes treat the entire expression as
z; and miss the lower limit.

Worksheet

Part A: Integral — Riemann Sum (Write the limit, do not evaluate.)

5
1. Write / (2z + 3) dz as a limit of a Riemann sum using right endpoints.
0

2
2. Write / 2% dz as a limit of a Riemann sum using right endpoints.
0
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3. Write / (% — 4) dx as a limit of a Riemann sum using right endpoints.
2

3
1

4. Write / —dx as a limit of a Riemann sum using right endpoints.
LT

Part B: Integral — Riemann Sum, then Evaluate the Limit.

1
5. Write / (4x 4+ 1) dx as a Riemann sum and evaluate the limit.
0

- 1
Recall: $ i = @
=1

3
6. Write / 2% dx as a Riemann sum and evaluate the limit.
0

8



Recall: Zz = D@ +1)

3
7. Write / (z* + 2) dz as a Riemann sum and evaluate the limit.
1

2
8. Write / (z* — 1) dr as a Riemann sum and evaluate the limit.
0

Recall: Zz - {Ll)}



Part C: Riemann Sum — Integral (Identify the definite integral.)

" /4i\? 4
9. li =) L2

20\ 2
1. ,}5202(” Ok

—_

n .\ 4
. 1
o35 0)

271 2
12. TLILI{)IQZCOS( )—

52
13. (Chall ) 1 \[4+ —
(Challenge) nirgoz + ki

10



1
: - i/n
14. (Challenge) nh_r)alon 5 e

=1
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Answer Key
Part A

5
1. / (22 +3)dx
' i

a=0,b=25, Amzé, T, = —
n n

f(a:i):2(%>+3:170i+3

2
2. / 22 dx
0

a=0,b=2 Ar=—, ;= —
n n

2i\° 8
flxi) = (g) =5

o "L /10i 5

2% + 3) dr = li —~4+3).2

/O(x—ir)x ng&;(ﬂ-i-) -
9 2

87 162

/Of'f LD B D B

2 2i
a=1b=3 Ar=2 z=1+2

n n
F@) =12 = wa

12




i 3 (5+1) - Jgaz[nzzw Zl

1

[in(nﬂ) 1 ]: . {M

= lim

— +—n
n—00 n

2 n

n—oo

8

2
= lim {2—1— —|—1} =240+1

n—oo

1
/(4x—|—1)d:1::3
0

3 3t 942
A = — z:_, i) = —
p=d =Y ey =2
- 942 : 27 n(n+1)(2n+1)
> nmngZ@ R R
27(n+1)(2n+1) 27 . 2n*+3n+1 27 54
= lim =—.lm —=—.2=—
n—00 6n2 6 nooo n? 6 6

3
/ 22 dr =9
0

n
2\ 2 2 4i 42‘2 2 6i 442

n2
e 6i 442\ 2[4 12 nn+1) 8 nmn+1)2n+1)
Jgfgo;(?*—*m)';—,}E{;[;nw-T i R—
1) 4(n+1 1
— lim 4+6(n+ )+ (n+1)(2n+1)
n—00 n 3n2
4-2 8 30 8
=446+ — =10+ - -
O 37373



4 4i
Ax = —, s0o b—a = 4. The expression inside f is x; = —Z, giving a = 0, b = 4. Function:
n n

4
:/ 2% dx
0

0;
Ax = —, so b —a = 2. The expression inside f is x; = 1 + —Z, giving a = 1, b = 3.
n

n
Function: f(z) = x.
3
:/ xdx
1

1

n .\ 4
i
11. i 3+—) - —
i3 (s+0)
) .
Ax = —,s0 b—a = 1. The expression inside f is x; = 3 + i, giving a = 3, b = 4.
n

n
Function: f(x) = x%.
1
:/ rt dx
3

14




2w 211
Axr = —, s0 b — a = 27. The expression inside cos is x; = —, giving a = 0, b = 2.
n

27
= / cos(x) dx
0

[ 5 5
13. (Challenge) 7111—)120 ; 4+ EZ -
D

5Y)
Ax = —, so b—a = 5. The expression under the square root is x; = 4+ —, giving a = 4,
n

n
b=29. Function: f(z) = /x.

Function: ?(x) = cos(x).

:/49\/de

1 o~
: - i/n

14. (Challenge) nh_)ngo " Z;e
Rewrite to make Az visible:

1 o |

- ifn _ i/n,

PO LD DL

=1 =1
1 ) 1-14

Ax = — 80 b—a = 1. The exponent is x; = — = —, giving a = 0, b = 1. Function:
n n n

f(z) =¢€".
1
= / e’ dx
0

Thank you for learning with ApexMath!

If you found this lesson helpful, we’d love for you to share your feedback or leave a review.
End of Lesson e ApexMath

15



