Partial Fraction Decomposition
ApexMath

Notes

What is Partial Fraction Decomposition?
Partial fraction decomposition is a technique for breaking a complicated rational function
into a sum of simpler fractions that are easy to integrate. For example:

ox +1 A B

(x+1)(z—2) RS A
Each piece on the right is something we already know how to integrate. The goal of the
decomposition is to find the constants A, B, etc.

When Can You Use Partial Fractions?

Partial fractions require the rational function to be proper — meaning the degree of the
numerator is strictly less than the degree of the denominator. If the fraction is improper
(numerator degree > denominator degree), you must perform polynomial long division
first to reduce it to a proper fraction plus a remainder, then apply partial fractions to the
remainder.

The Four Cases

Factor Type Decomposition Form
A B
Distinct linear: (z 4 a)(z + b) +
r+a x+Db
A B
R ted li d): 2
epeated linear (squared): (z + a) e +- T
A B C
Repeated linear (cubed): (z + a)? + +
r+a x+a zxT+a
Az + B
Irreducible quadratic: (2% + bz + ) 2L
2 +bxr+c

The key rule is: for every repeated factor (x + a)", you need n separate fractions with
denominators (z + a)!, (z + a)?,...,(z + a)". For every irreducible quadratic factor, the
numerator must be linear (Ax 4+ B), not just a constant.

Solving for the Constants

After writing the decomposition form, multiply both sides by the full denominator to
clear all fractions. This gives a polynomial equation. There are two methods to find the
constants:



Method 1 — Strategic values of z: Substitute values of z that make individual
factors equal to zero. This eliminates most terms and quickly solves for one constant at a

time.

Method 2 — Matching coefficients: Expand the right side and equate coefficients of
each power of x to set up a system of equations. This is useful when strategic values alone
do not give enough equations.

In practice, you will often use both methods together.

Integrating the Resulting Fractions
Once you have the decomposition, integrate each piece separately:

/ A de =Aln|z+a|+C

x4+ a
A A
0/ dr = +C forn>2
(x 4+ a)” (1 —=n)(z+a)~!

Ax + B L .
° / ———  dx: split into a In part and an arctan part by completing the square or

2+ bxr+c
rewriting the numerator

Pro Tip

Always factor the denominator completely before writing any decomposition. You
cannot set up the partial fractions correctly until every factor is identified.

When using strategic x values, choose values that zero out factors one at a time. If
the denominator has factor (x — 3), plug in x = 3 to wipe out every term containing
that factor.

After finding all constants, always verify by recombining the partial fractions over a
common denominator and checking you get the original expression back.

For a repeated linear factor (z + a)?, you need three separate fractions. Do not try to
combine them into one — each power gets its own fraction with its own constant.

For an irreducible quadratic factor like 22 + 4, the numerator of that fraction must be
Ax + B, not just A. Using a constant numerator on a quadratic denominator is one of
the most common setup errors.

Examples

5r +1

Example 1 (Distinct Linear Factors): Find / dz.

(x+1)(x—2)



Step 1: Set up the decomposition.
or +1 A B

C+D@—2) o241 -2

Step 2: Multiply both sides by (z + 1)(z — 2).
Sr+1=A(x—2)+ B(x +1)

Step 3: Use strategic values of x.

11
Letz =2 5(2)+1=A(0)+B(3) = 11=38 = B=—

4
Let t =—-1: 5(-1)+1=A(-3)+B(0) = —-4=-34 — A= 3
Step 4: Write the decomposition.

5z 4 1 4/3  11/3

(x4+1)(x—2) x4+1 z-2

Step 5: Integrate.

Sz +1 4 11
dr = -1 1+ =1 -2
/(x+1)(m—2) T 3n|m+ |—i—3 njz—2/+C

bz + 1 4 11
dr = -1 1+ —lnjz—2[+C
/(:c+1)(a:—2) v=ghnfr i+ infe -2+

Example 2 (Repeated Linear Factor — Squared): Find / M dx.

(x 4+ 1)2
Step 1: Set up the decomposition for a repeated linear factor.

3r+5 A B

Gr1? 241 (@t1p?

Step 2: Multiply both sides by (z + 1)2.
3r+5=Ax+1)+ B

Step 3: Find the constants.

Let x=—-1: 3(-1)+5=A40)+B = 2=108
Match coefficients of x: 3= A

Step 4: Write the decomposition.

3r+5 3 2

Gr1? 241 (@tlp




Step 5: Integrate. For = 2(x + 1)72, use the power rule.

2
(o1

3z +5 2z + 1) 2
/Ldaj:3ln|m+1|+M+C’:3ln|x+l|——+C
(x+1)2 -1 x+1

3 + 5 2
———dr =31 |——+4C
/(x—l—l)2 ’ ale+1] 317—%1+

22% +3 1
Example 3 (Repeated Linear Factor — Cubed): Find / Aot dx.

3

Step 1: The denominator is 2* = ()%, a repeated linear factor of degree 3. Set

up three fractions.
2x2+3x+1_A+B C

x3 r 2?2
Step 2: Multiply both sides by 3.
20 +3r+1=Az*+ Bz +C
Step 3: Match coefficients of each power of x.

2 A=2 zl: B=3 2% C =1
Step 4: Integrate each piece.

2 3 1 3e1 a2
/<—+—+—3)da;:21n|x|+ SHE e,
x X

x? -1 -2
2024+ 3x +1 3 1
/de:2ln|m|—;—2—z2+0
3z 42 4
Example 4 (Irreducible Quadratic Factor): Find / v erd dx.
(x —1)(22 4+ 4)

Step 1: 2 4+ 4 cannot be factored over the reals (discriminant < 0), so it is

irreducible. Set up:
32> +2x+4 A | Bx+C

G—D(2+4) -1 2214
Step 2: Multiply both sides by (z — 1)(z? + 4).

37 +2r +4=A(z* +4) + (Bx + C)(x — 1)

Step 3: Find A using =z = 1.
9
31)+2(1)+4=A1+4)4+0 = 9=54A = A:g

4



Step 4: Expand the right side to find B and C.
A@* +4)+ (Bx+O)(x —1) = A2 + 4A + B2®> — Bx + Cx — C

= (A+B)2*+ (-B+C)r+ (4A-C)
Match coefficients: -
2 A+ B=3 = B:?,—-:5

5
2 dA—-C =4 — C:4A_4:3_56_4:E

Step 5: Integrate. For the quadratic piece, split the numerator:

Br+C  (6/5)x 16/5
22+4 a2+4 1244

2+ 4

/16/5d 16 1 " (a:) 8 ) <x>
= — - —arctan( - | = - arctan( —
2= garctan(y 7 arctan | o

32+ 21+ 4 9 3 8 T
de = 21n |z — 1|+ 2In(2? + 4) + < arct (-) C
/(:70—1)(902—|—4) T 5n|x |+5n(x + )+5arcan 5)

1
/ 6/5)x , _ g 5 In(a® +4) = gln(xz +4)
6

9 3 8
gln|x — 1]+ gln(x2 +4) + garctan<g> +C

2%+ 2z
R dz.

Example 5 (Long Division First): Find /

Step 1: The degree of the numerator (3) is greater than the degree of the
denominator (2), so this is improper. Perform long division.

Divide z® + 2z by z? — 1:

23 + 2z + (2% — 1): the first term is x. Multiply: z(2? — 1) = 2% — z.

Subtract: (2% + 2z) — (2* — z) = 3.

So:
23+ 2x 3x
2—1 " + 22 —1
Step 2: Apply partial fractions to 5 = 5z .
22—-1 (z—1)(z+1)
3x A B

(x—1)(x+1) ZL‘—1+ZE+1
3vr=A(x+1)+B(x—1)

z=13=24 — A:g



r=-1: -3=-2B = Bzg
Step 3: Integrate.

2+ 22 3 1 3 1
/$2_1dﬂi—/$dﬂf—|—§ mdﬂf—i—ﬁ/x—“da?
1'2

3 3
L =1+ 21 1
2+21r1|:£ |+2n\x—i— |+C

3+ 2z 22 3 3
/ o dx:?+§ln\x—1|+§ln|x+1|+0

dz.

4
Example 6 (Definite Integral): Evaluate / P
2 IT7—

Step 1: Factor the denominator and set up the decomposition.

2 — - T &
vod=@=29@+2. T yn T a3 T reo

4=Ax+2)+ Bz —2)

r=24=4A — A=1
r=—-2:4=-4B — B=-1
Step 2: Integrate.

b d t1 d t1 d 1 1 !
_ _ _ _9l - 2]
/2x2—4 x /2:(:—2 x /2:(:—1—2 x [n\x | —In|z + ]2

Step 3: Evaluate.

Atz =4: In|2| —In|6] = ln<2> = ln<1>
6 3

At x =2: In|0| — In |4]

The term In |x — 2| approaches —oo as x — 2%, so this integral diverges (is an improper
integral). A note to students: always check whether the integrand has a vertical asymptote
inside or at the boundary of the interval before evaluating a definite integral. Here x = 2 is
a vertical asymptote of the integrand, making this an improper integral — a topic covered
in the next lesson.

For a ngl—deﬁned definite integral, use limits that avoid the singularity. Let us instead

4
. -1 dx.
At =5 In|3| —In|7|
Atz =3 In|l|-In[5|=0—In5=—In5

evaluate

1
(In3—In7) — (—In5) =3 —-In7+Inb5= ln<—5)

7
5y 15
dr =In[ —
[ e =n(?)

6




Common Mistakes

e Not checking if the fraction is proper first: If the numerator degree is greater
than or equal to the denominator degree, you must do long division before any partial
fractions. Skipping this step leads to an incorrect decomposition.

e Using a constant numerator on a quadratic denominator: For an irreducible

quadratic factor z2 + bx + ¢, the numerator must be Az + B, not just A. Writing
Az + B

instead of ———— is a setup error that makes it impossible to find the correct
x2+4 2+ 4
constants.

e Missing fractions for repeated factors: A factor (z + a)® requires three separate

B
fractions: and ————. Writing only one or two fractions gives an
x

+a’ (r+a)? (x + a)
incomplete decomposition.

e Forgetting to verify the decomposition: After finding A, B, C, recombine the
fractions over a common denominator and confirm you recover the original expression.
This takes thirty seconds and catches algebra errors.

1 ) 1

1
——— as a logarithm: The antiderivative of is — ,
(x 4+ a)? (x 4+ a)? r+a

1
In |(z + a)?|. The In rule only applies to the first power Y
r+a

e Integrating not

Worksheet

_ 1
1. Find / T3 @ 1) dx.

Te —3
2. Find dx.
n /@-3)(%2) v



4 1
3. Find /de
(x + 2)?

2
2
4 Find / ©+243
x3 + 32

(Factor the denominator as x*(x + 3), which has a repeated factor.)

2
2
5 TFind / 52" +20x+6
z(z +1)3

(The denominator has a cubed repeated factor.)

20 + 1
. Find
6. Fin /(x+1)(x2—|—1)



2
7. Find / A2
3+ 22

(Factor as z(z* +2).)

3
g Fmd/wm
24+ —2

(Improper fraction — do long division first.)

1
3

9. Evaluat dx.

Vauae/o (x4 1)(x+2) v

3 — 1+ 3
10. (Chall Find | ——dx.
(Challenge) Fin /$2+$_2 x



(Long division first, then partial fractions on the remainder.)

272 — 4
11. (Challenge) Find /i(ﬂ—j_l_)dx

10



Answer Key

1
1. /(x—l—?))(x— 7y 4

! _ A Bl,sol—A(x—1)+B(x+3).

(x+3)(x—1)_x+3 x
1
r =1 1243:}3_:} r=—-31=—-4A — A=—-
1 1 1
dr = ——1 3+ -1 -1+ C
/(:c—|—3)(x—1) T 4n]x+ ]+4n\x | +
M43+ Snfe— 1)+ C
e e
2./ =3 dz
(x —3)(x +2)
Tr —3=A(x +2)+ B(x — 3).
1 1
r =3 18:5A:>A:€8. r=—2 —17:—SB:>B:€7
18 17
—Injz 3|+ —Injz+2|+C
B) by
3. /4x+1
r + 2)?
4 1 B
v sodr+1=A(x+2)+ B.

(x+2)? x+2 ( +2)%’
r = —2: —7 = B. Match z-coefficients: A = 4.

2 -1
:41nyx+2y—%-(—1)+c
Wait — integrate b _ —7(z+2)7?
TR
) —T(w+2)" 7
— N2dr = =
/ T(x+2)  de — P

Hmm, but B = -7, so:

/_—7dx— 7
(x+2)2"  x+2

Az +1
/(gc—+da::4ln|x+2|+L+C’

r + 2)? x4+ 2
_d 7 4 7 Mz4+2)—7T dr+l
oo — 141 2 = — = =
Verify dxl nle+2]+ x+2} r+2 (z+2)? (x 4 2)? (x4 2)?

11

v



4./95 —|—2x+3d
22(x + 3)
42043 A E+ C
w2(r+3) 22 x+3
22+ 2w+ 3 = Ax(x + 3) + B(x + 3) + Cz?
r=0:3=38 = B=1 5
r=-39-6+4+3=9C = 6=9C = (C=—
2 1

Matchxgz 1:A+C — A:1_§:§

1 1 2 1 1 2
/<ﬁ+—+£) d:l:——ln\:v]——+ ln]a:+3]+0

T 2 r+3

1 1 2
51n|x|—;+§ln|x+3|+C

2
2
5./53: + 0x+6d$
z(r+1)3
Set A+ b + ¢ + =
et up: —
LS | (x+1)2  (z+1)3

522 +20x +6 = A(x +1)> + Bx(z +1)* + Cz(z + 1) + Dz
r=0:6=A.

r=—-1:5-20+46=—-D — —-9=—-D —= D =0.
Expand and match 23: 0 = A+ B =— B = —6.

Match 2% 5=34A+2B+C=18—-12+C = C = —1.

/ 6.6 1 .9 N\,
r z+1 (x+1)2 (z+1)3 v
1 9

— 61nz] — 61 1 - C
nfel =6l + 1)+ =g = 5o =+
61n fe| — 61n |z + 1] + — ’ ¢
n — n —
‘ ‘ v +1 20z +1)2

6./ 2o+ 1 dx
(x4+1)(x2+1)
2v+1 A _I_B:L'—l—C
(z+D(22+1) 2+1 2241
20+ 1=A(z*+1)+ (Bx+ C)(x + 1)
1

r=-1-1=24 = A:—§

Match 22: 0= A+ B — B =

l\')l»—t

Match 2% 1= A+ (C = Czl—A:g.

12



[(Fr ) e

1 1 3
= —§ln|x + 1| + Zln(:z:2 +1) + §arctan(:c) +C

1 1 3
) In|z+ 1]+ 1 In(x? +1) + 2 arctan(zx) + C

3242
7. —d
/x(:v2+2) v
31242 A Bzx+C

(22 +2) © 2242

322 +2=A(z*+2) + (Bx + O)x
r=0:2=24A = A=1.
Match 2?: 3= A+ B = B=2.

Match z': 0= C.
1 2
/(—+ - >dx:1n|x]+ln(:c2—|—2)+(7

r  x2+2

In|z| + In(z* +2) + C

3
8. /x2+—x+2d1‘
P+ r—2
Step 1: Improper (degree 3 > degree 2). Divide z° + z + 2 by 2? + z — 2.
r3 =+ 2% = z. Multiply: z(2? + x — 2) = 2 + 2° — 2z. Subtract: —z% + 3z + 2.
—r? + 2% = —1. Multiply: —1(2? + = — 2) = —2? — x + 2. Subtract: 4z.
S 4+ x4 2 1 4z
CPra—2 " +x2+x—2'
Step 2: Factor 2? +x — 2 = (x + 2)(x — 1).
1o _ 4 B odr = A —1)4+ Ba+2)
(x—|—2)(x—1)_x+2+ _1,SO r = A(x x .

r=1.4=3B — B=—-. x:—2:—8:—3A:>A:§.
Step 3: Integrate.

8/3  4/3 2?2 8 4
2 P V= gy 2 o+ -lnlr —1|+C
/(:c +x+2+x_l)x 5 x+3n!x+!+3n\x |+

8

ol

$2

8 4
7—$+§1n|x+2|+§ln|x—1|+6’

! 3
2. /0 @+ )z +2) dr

13



3 A B
x+1)(z+2) x+1+a:—|—27803 (z+2)+B(z+1)
r=—-1:3=A. x=-2.3=-B — B=-3.

Al@+&ix+mdx:[mnu+1panmx+mﬁzzpm<ii;)ﬁ
womran(?) eso(l)
() o) —(2) o (2)
(Alm+4ix+2)@”:3m(§)

2 —x+3

10. (Chall —d
( aenge)/mz_'_x_2 x
Step 1: Long division. 23 + 2? = x. Multiply: 2% + 22 — 2x. Subtract: —2% + 2 + 3.

—2% = 2% = —1. Multiply: —2® — x + 2. Subtract: 2z + 1.

S 3 —x+3 i, 20 + 1

0 ——— =1 — S

24+ x—2 24+ x—2

Step 2: 22+ 2 —2=(z+2)(z—1).
20+ 1 A B

(x+2)(x—1) :13+2+x—1
r=1:3=3B — B=1. x=-2 -3=-34A —= A=1.
Step 3: Integrate.

1 1 2
/ r—1+ —+ — d:z::x——x—l—ln|x+2|+ln]x—1\+0
r+2 x-—1 2

5—$+ln\x+2\+ln\x—1|+0

202 —x 4+ 4
11. (Challenge)/ P PRy dx
20> —x+4 A Bx+C
v(z24+4) x> +4
20 —x+4=A(x*+4)+ (Bx + O)x
r=0:4=4A — A=1.
Match 2?: 2= A+ B =— B = 1.
Match zt: —1 = C.

1 1 1 1
/(——l— . )dx—ln]x\—l— In(xz? —|—4)—§arctan<§)+0

r  x2+4

%)+C

1 1
In|z| + 3 In(z? + 4) — 5 arctan(

14



Thank you for learning with ApexMath!
If you found this lesson helpful, we’d love for you to share your feedback or leave a review.
End of Lesson e ApexMath
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