Separation of Variables
ApexMath

Notes

The Big Idea: Splitting the Equation

In the last lesson you learned what differential equations are and how to verify solutions.
Now you will learn how to find them.

The most important technique for solving first-order differential equations is called sep-
aration of variables. The idea is exactly what the name says: rearrange the equation so
that everything involving y is on one side and everything involving x is on the other. Then
integrate both sides.

A differential equation is separable if it can be written in the form:
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That is, the right-hand side factors into a function of x alone times a function of y alone.
The Four-Step Process

1. Separate. Move all y terms (including dy) to the left side and all  terms (including
dzx) to the right side.

1

——dy = g(x)dx
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2. Integrate both sides.
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3. Solve for y (if possible). Write the result explicitly as ¥ = .... You only need one

constant C' — the constants from both integrals combine into one.

4. Apply the initial condition (if given) to find the particular solution.
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An Important Note About the Constant
When you integrate both sides, each side produces a constant. For example:

2

You do not need to keep both constants. Combine them into a single constant: C' =

Cy — 1. Write:
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gdy: xdr = Inly|+Cy = — +Cy
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Always write only one C' in your final answer.

Dealing with Absolute Values
1

When you integrate — dy, you get In|y|. When you solve for y, you exponentiate:
Yy
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Since €% is just a positive constant, we rename it A and drop the absolute value, allowing
A to be any nonzero constant:

Yy = Ae”1?

This is standard practice. You will use this step frequently.



Pro Tip

Check separability first. Before attempting any technique, check whether the right-
hand side factors into g(x) - h(y). If it does not factor this way, separation of variables
will not work.

Do not forget to move dy and dz. After dividing by h(y), you must also bring dy
and dx to the correct sides. Write out every step explicitly — do not try to skip this
in your head.

Only one constant C' is needed. When you integrate both sides, each produces its
own constant. Immediately combine them into a single C' on one side.

When you see In |y| = ..., exponentiate both sides. Then write |y| = e, replace
e with a new constant A, and drop the absolute value by allowing A to be any nonzero
real number.

Always go back and apply the initial condition last. Solve the general solution
fully before substituting the initial condition. Substituting too early makes the algebra
much harder.

Examples

d
Example 1 (Basic Separation): Solve & _ 342,

dx

Step 1: Separate. Move dx to the right:

dy = 3z dx
Step 2: Integrate both sides.
/ dy = / 322 dx
y=212"+C
y=2>+C

d
Example 2 (Both Variables Present): Solve d—y = 2y.
x

Step 1: Check separability. The right side = x - y, which factors. Separable.
Step 2: Separate. Divide both sides by y and multiply both sides by dz:

1
—dy=xdx
Y

Step 3: Integrate both sides.
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Step 4: Solve for y. Exponentiate both sides:

Yl = e12C = o€ . P2

Rename e as A (any nonzero constant) and drop the absolute value:

y = Ae”/?

y= A" 2

d
Example 3 (With Initial Condition): Solve d—y = 2zy with y(0) = 3.
x
Step 1: Separate.
1

—dy = 2xdx
Y
Step 2: Integrate both sides.
Injy| =2*+C
Step 3: Solve for y.
Yy = Ae”’

Step 4: Apply the initial condition y(0) = 3.

3=A"=A-1=A
So A=3.

xT

y = 3e

d
Example 4 (Fraction on Right Side): Solve d—y ==
oy

Step 1: Separate. Multiply both sides by y and by dx:

ydy = x dx
Step 2: Integrate both sides.
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Step 3: Solve for y. Multiply both sides by 2:

vt =22 +2C

Rename 2C as C (it is still an arbitrary constant):

v =2+ C
Taking the square root:
y==+Va2+C
y==+vat+C
. . . dy _ 2y
Example 5 (Requires Partial Fractions or Careful Algebra): Solve prii with
r
y(1) =4
Step 1: Separate.
1 2
—dy = —dx
Yy x

Step 2: Integrate both sides.

In|y|=2Inz|+C
Step 3: Solve for y. Use the log property 21n |z| = In 2%

In|y| =na®+C
Exponentiate both sides:

ly| = ¢ - a?
Rename e“ as A:
y = Ax?
Step 4: Apply y(1) = 4.
4=A(1)2=A
y = 4z




Common Mistakes

e Forgetting to divide by h(y) before integrating: Both sides of the equation must
be purely in terms of one variable before you integrate. If y terms remain on the right
side, the integration step is invalid.

e Writing two separate constants instead of one: After integrating, write C' on
one side only. Writing C; and C5 and then never combining them is a common source

of errors.
e Dropping the absolute value from In|y| too early: Write In|y| = ... first. Then
exponentiate to get |y| = e. Only after renaming the constant can you drop the

absolute value signs.

e Forgetting &+ when taking a square root: If the step > = ... appears, the solution
is y = £+, /-... The initial condition will tell you which sign to keep.

e Applying the initial condition before solving for y: Always find the general
solution in the form y = ... first. Then substitute the initial condition to find C.
Substituting while y is still implicit makes algebra significantly harder.

Worksheet

1. Solve dy = 5xt.
dx
dy x
2. SOIVG % = E



d
3. Solve =7 — —3y.
dx

d
4. Solve “¥ = 42z with y(0) = 1.
dx

dy 4
5. Solve =2 = = with y(0) = 2.
dx Y



6. Solve @ =e¢
dx

d
7. Solve <2 = 3 with y(2) = 8.
dr =z

d 241
8. (Challenge) Solve % = 211

with y(0) = 0.



Answer Key

dy
1. -2 = 5%,
. 5%

Step 1: Separate.

dy = 5zt dx
Step 2: Integrate both sides.
y=1°4+C
y=a"4+C
d
2. W _ 2
de  y?

Step 1: Separate. Multiply both sides by y? and by du:

vidy = xdx
Step 2: Integrate both sides.
3 2
Y x
L _Z L
3 2 +
Step 3: Solve for y. Multiply both sides by 3:
32
3
=—+43C
YT
Rename 3C' as C:
32
3
=—+4C
YT
3 3332
=4\ —+C
Y 5 +
dy
. — = —3y.
dx Y
Step 1: Separate.
1
—dy = —3dx
Y

Step 2: Integrate both sides.

In|y|=-3z+C



Step 3: Solve for y.

Rename €% as A:

dy
4. =L — 2 0)=1.
- y?z, y(0)

Step 1: Separate. Divide both sides by 3? and multiply by dz:

1
E dy = xdx
Step 2: Integrate both sides.
/y_2 dy = /xdm
1 2
="
Y 2 "
Step 3: Solve for y.
-1 —2
- T 22+ 20
—+C
2
Rename 2C as C"
=2
YTy c
Step 4: Apply y(0) = 1.
1 — -2 =2
S 0+C  C
C=-2
=22
YE R T a2
dy Az
== — 0)=2.
Step 1: Separate.
ydy = 4z dx
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Step 2: Integrate both sides.

2

Y 2

=2 C

5 x° 4+

y* =42 4+ 2C
Rename 2C as C:

v =42+ C

Step 3: Apply y(0) = 2.
2 =402 +C = 4=C

Y =42 +4
Step 4: Solve for y. Since y(0) =2 > 0, take the positive root:

y=Vdr2+4=2vVz2+1

dy
6. — =y
dx €y

Step 1: Separate.

1

—dy =e"dx

)
Step 2: Integrate both sides.

Injy|=e*+C

Step 3: Solve for y.
ly| = e T¢ = e e

Rename €% as A:

x

y = Ae°
dy _ 3y
2= y2) =8,
Step 1: Separate.
—dy =—dx
x

Step 2: Integrate both sides.
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In|y|=3m|z|+C=Inz*+C
Step 3: Solve for y.

vl = o

Rename €% as A:
y = Az?
Step 4: Apply y(2) = 8.

dy 241
8. (Challenge) < = "”y :_“1 . y(0) = 0.

Step 1: Separate. Multiply both sides by (y + 1) and by dz:

(y+1)dy = (2> +1)dx
Step 2: Integrate both sides.

/(y+1)dy:/(a:2+1)dx

3

2
Yy T
Tpy=— C
S tu=g ot

Step 3: Apply y(0) = 0.

0 0
§+0:§+O+C — (=0
Step 4: Write the particular solution (left implicit, as solving for y explicitly would require

the quadratic formula).

V=T
z —_ €T
2 Y73
Multiply through by 2:
2 3
Y _ v
5 +y= 3 +x

Note: It is acceptable to leave this solution in implicit form when solving explicitly for y
is not straightforward.
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Thank you for learning with ApexMath!
If you found this lesson helpful, we’d love for you to share your feedback or leave a review.
End of Lesson e ApexMath
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