Adding and Subtracting Rational Expressions
ApexMath

Notes

The Big Idea
Adding and subtracting rational expressions works exactly like adding and subtracting
numerical fractions. The key rule is:
You can only add or subtract fractions that have the same denominator.
Recall with numbers:

1
1t1=1 (same denominator — add numerators directly)
1 1 4 3 7

stiT e TR
Rational expressions follow the exact same process.

(different denominators — find a common one first)

Case 1 — Same Denominator
When rational expressions already share a denominator, simply add or subtract the
numerators and keep the denominator.
A B A+B A B A-B
DD D D D D
After combining, always simplify the result fully and state NPVs.

Case 2 — Different Denominators

When the denominators are different, you must find the Lowest Common Denomi-
nator (LCD) before combining.

How to find the LCD:

e Step 1: Fully factor each denominator.

e Step 2: The LCD is the product of all unique factors, each taken to the highest power
it appears in any single denominator.

For example, if the denominators are (x + 2) and (z — 3), the LCD is (z + 2)(x — 3).
If the denominators are (z)(x + 1) and (x + 1), the LCD is z(z + 1) — not z(z + 1),
because (x 4 1) only needs to appear once.

The Full Method

e Step 1: Factor all denominators completely.

e Step 2: State all non-permissible values.

e Step 3: Identify the LCD.



Step 4: Rewrite each fraction with the LCD as its denominator by multiplying the
numerator and denominator by the missing factor(s).

Step 5: Add or subtract the numerators. Keep the LCD as the denominator.
Step 6: Expand and simplify the numerator.

Step 7: Factor the numerator if possible and cancel any common factors with the
denominator.

Watch the Subtraction Sign
When subtracting rational expressions, the subtraction sign applies to the entire numer-
ator of the second fraction, not just the first term. Use brackets to keep track.

A B+C A-(B+0C) A-B-C
D D D - D

Forgetting to distribute the negative sign is one of the most common errors in this topic.

Pro tip

Always factor denominators first before looking for the LCD. You cannot identify the
LCD from unfactored expressions.

When you rewrite a fraction with the LCD, multiply both the numerator and denom-
inator by the missing factor. Only changing the denominator changes the value of the
fraction.

Put brackets around the numerator you are subtracting. Distribute the negative sign
through every term inside the brackets.

After combining, always try to factor the numerator and check whether it shares a
common factor with the denominator. If it does, cancel and simplify.

Double-check your NPVs come from the original factored denominators, not the sim-
plified final expression.

Examples

Example A — Same Denominator, Addition

3z

27 — 1
Simplify + 2272 State all NPV,
s

+5 r+5

Step 1: The denominators are the same. NPV: x £ —5.
Step 2: Add the numerators.

3r+ (2x—1) br—1
x+5 T +5




Step 3: Check whether the numerator factors and cancels with the denominator. 5x — 1
does not factor to match (x + 5), so this is fully simplified.

—1
= where z # —5.

The answer is

Example B — Same Denominator, Subtraction
dr + 3 7

Simplify —~—° — 11 giate all NPV
T — 2 T —2

Step 1: The denominators are the same. NPV: z # 2.
Step 2: Subtract the numerators. Use brackets around the second numerator.
(dx+3) —(z+7)
x—2

Step 3: Distribute the negative sign.
dr+3—x—7 3x—4

T —2 )
Step 4: 3x — 4 does not share a factor with (x — 2), so this is the final answer.
3r —4
The answer is — 5 where x # 2.
Example C — Different Denominators, Simple

3 5
Simplify — + ——. State all NPVs.
xr xT+2

Step 1: Denominators are « and (z + 2). Both are already fully factored.
Step 2: NPVs: x # 0 and x # —2.
Step 3: LCD = z(z + 2).
Step 4: Rewrite each fraction with the LCD.
3 (z+2) 3(x+2)

X
zr (r+2) z(x+2)
) T T

X -
r+2 x  z(r+2)

Step 5: Add the numerators.
3(z+2) + bz
x(z +2)
Step 6: Expand and simplify the numerator.

3 +6+5xr =8x+6

Step 7: The numerator is 8z + 6 = 2(4x + 3). Check whether (4x + 3) shares a factor
with xz(z + 2). It does not.

24z + 3
The answer is M, where x # 0 and x # —2.
z(z + 2)
Example D — Different Denominators, Factoring Required

3



Simplify State all NPVs.

r+3 12-9
Step 1: Factor all denominators.

7 —9=(r—3)(x+3)

Step 2: NPVs: z # —3 and x # 3.
Step 3: LCD = (x — 3)(z + 3).
Step 4: The first fraction is missing the factor (x — 3). Multiply its numerator and

denominator by (x — 3).
2 (x —3) 2(x —3)

243 (@=3) (z-3)(z+3)

The second fraction already has the LCD as its denominator.

1
(x —3)(x +3)
Step 5: Subtract.
20z —3)—1
(x —3)(x +3)

Step 6: Expand the numerator.
20 —6—-1=22-7

Step 7: 2x — 7 does not factor to match any part of the denominator.
20 — 7
The answer is , where x # 3 and x # —3.
(x — 3)(x + 3) 7 7

Example E — Result Simplifies Further
—4
Simplify ——— + — . State all NPVs.
xr—4 zx—4

Step 1: The denominators are the same. NPV: x # 4.
Step 2: Add the numerators.

r+(—4) x—4

r—4 x4

Step 3: Cancel the common factor (z — 4).

z—4

=1
r—4

The answer is 1, where x # 4.



Common mistakes

A B+C A-B-C
Not distributing the negative sign when subtracting. —— te_

D D D
A-B+C
not T+ Always put brackets around the subtracted numerator.

Only changing the denominator when converting to the LCD. When you
multiply the denominator by a missing factor, you must multiply the numerator by
the same factor too.

1 2
-+ =+ . You must rewrite both fractions
r x+1 " zx+1)

Adding denominators.
with the LCD first.
Using too large an LCD. If the denominators share a common factor, the LCD uses

that factor only once. For example, if both denominators have (x + 2), it appears only
once in the LCD.

Forgetting to simplify the final result. After combining, always factor the numer-
ator and check for cancellation with the denominator.

Worksheet

1. Add or subtract. The denominators are already the same. State all NPVs.

2x . 3
r+1 x+1

(a)

5:B—|—2_293—1

r—3 r—3

x? 36
(c) -

r+6 x+6

3z +4 z—4

2$—1+2x—1

Y



2. Add or subtract. Find the LCD first. State all NPVs.

x+4+x—1

3. Factor the denominators, find the LCD, then add or subtract. State all NPVs.

() 3 1
a +
2 —4 x4+2

5 2
2—-9 zx+3

T n 1
2+5c+6 x+2

(c)



4. Simplify each expression. State all NPVs.

(a) 2 n T
r+1 22-1

T 6
(b) T—3 22-9

5. Simplify 3 —
x

" +-6 2—3 State all NPVs.

r—1

1
T 5" State all NPVs.

6. Simplif
1mp1yx2_4—|—x+

3 J—

7. A student simplified
r—2 x+2

and got

2 1
8. Challenge: Simplify <

xr2 —

x2+3x+2_m+1+x+2

1 Find and correct the mistake.

. State all NPVs.



Answer Key
Adding and Subtracting Rational Expressions e ApexMath

1.
2x 3

(a) +
r+1 x+4+1
Step 1: Same denominator. NPV: x # —1.

Step 2: Add numerators.

2r +3
r+1
Step 3: 2z + 3 does not factor to match (z + 1).

20+ 3

=~ ~1
T 1 tF

dor+2 2x—-1

b
(b) T —3 r—3
Step 1: Same denominator. NPV: z # 3.

Step 2: Subtract numerators. Use brackets.

bz+2)—(2x—-1) br+2-2r+1 3z+3
r—3 B r—3 - z-—3

Step 3: Factor the numerator. 3z 4+ 3 = 3(x + 1). No cancellation with (z — 3).

3 1
M) x+#3
xr—3
x? 36
() -
z+6 x+6
Step 1: Same denominator. NPV: x # —6.
Step 2: Subtract numerators.
% — 36

x+6
Step 3: Factor the numerator.

2 — 36 = (z — 6)(z +6)

Step 4: Cancel (z + 6).

(x—=6)(x+6)
(r +6) =20
’x—6, 957&—6‘

3x—|—4+ r—4
20— 1 2z-—1




1 1
Step 1: Same denominator. NPV: 2z —1=0= 2z = 5150 % # R
Step 2: Add numerators.

Bzx+4)+(x—4) 4o
2 — 1 2 —1

Step 3: 4x and 2x — 1 share no common factors.

4x 1
w1 73
2.
2 3
(a) x * x+1
Step 1: NPVs: z # 0 and « # —1.
Step 2: LCD = z(z + 1).
Step 3: Rewrite each fraction.
2(x + 1 3x
@+1)

r(x+1)  z(z+1)
Step 4: Add numerators.

2 +1)+3x 22+4+2+3x  Sr+2

v(z+1)  w@+1l)  x(z+1)
0T + 2
m, I#O, I‘;é—l

4 1

b

(b) r—2 x+3

Step 1: NPVs: x # 2 and « # —3.
Step 2: LCD = (z — 2)(z + 3).
Step 3: Rewrite each fraction.

A(z +3) 1z —2)

(x—=2)(x+3) (x—2)(x+3)

Step 4: Subtract numerators. Use brackets.

dr+3)—(r—2) 4do+12—-2+2  3ov+14
(x—2)(z+3) (-2 (z+3) (z—2)(z+3)
3r + 14
(x —2)(x+3)’ v#LTE 3




x 2
(c) r+4 * x—1
Step 1: NPVs: o # —4 and x # 1.
Step 2: LCD = (x +4)(z — 1).
Step 3: Rewrite each fraction.

z(z —1) N 2(z +4)
(x+4)(x—1) (z+4)(xz—1)

Step 4: Add numerators.

v(@—1)+2@+4) 2?—z+20+8  ®+x+8
(x+4)(x—1) (x+4)(x—1) (z+4)(z—1)

Step 5: 2% + x + 8 does not factor over the integers.

224+ +8
(x+4)(x—1)

x# -4, x#1

3 2
d) —=— =
(d) rT—>H x
Step 1: NPVs: x # 5 and « # 0.
Step 2: LCD = z(z — 5).
Step 3: Rewrite each fraction.

Step 4: Subtract numerators.

3z —2(x—5) 3r—2r+10  z+10

x(z —5) z(z —b) z(z — b)
x+ 10
m, I';éo,‘x#g)
3.
3 1
i B

Step 1: Factor. 22 — 4 = (z — 2)(x + 2).

Step 2: NPVs: x # 2 and x # —2.

Step 3: LCD = (z — 2)(z + 2).

Step 4: First fraction already has LCD. Rewrite the second.

3 N 1(x —2)
(x—=2)(xz+2) (x—2)(x+2)

10



Step 5: Add numerators.

3+ (x—2) r+1

(x=2)(z+2) (x—2)(x+2)

Step 6: = + 1 shares no factor with the denominator.

r+1
(x —2)(x+2)

x#2 xF -2

5 2
b _
(b) -9 43

)
Step 1: Factor. 22 — 9 = (z — 3)(z + 3).

Step 2: NPVs: x # 3 and x # —3.

Step 3: LCD = (xz — 3)(z + 3).

Step 4: First fraction already has LCD. Rewrite the second.

5 2(z — 3)

(x=3)(z+3) (x—3)(x+3)

Step 5: Subtract numerators.

5-2x-3)  5-2r+6  11-2x
(z—=3)(z+3) (z—-3)(z+3) (xr—3)(z+3)
11— 2z
G-t ‘TR

x 1
(c) 22452+ 6 +x—|—2
Step 1: Factor. 2 + 5z + 6 = (z + 2)(x + 3).
Step 2: NPVs: x # —2 and © # —3.
Step 3: LCD = (z + 2)(z + 3).
Step 4: First fraction already has LCD. Rewrite the second.

x N I(z +3)
(x+2)(x+3) (z+2)(z+3)

Step 5: Add numerators.

T+ (x+3) 20+ 3

(x+2)(x+3) (z+2)(z+3)

Step 6: 2z + 3 does not factor to match any denominator factor.

20+ 3
(x+2)(z +3)’

x# =2, v # -3

11



4.
x

() x+1 * x?—1

Step 1: Factor. 22 — 1= (z — 1)(z + 1).
Step 2: NPVs: x # —1 and = # 1.

Step 3: LCD = (x — 1)(z + 1).

Step 4: Rewrite the first fraction.

2(x —1) N x
(z—1)(xz+1) (z—1)(x+1)

Step 5: Add numerators.

2@ -1+ 20 —2+x 3z —2

@-Da+l) @-Da+l) (z-D+1)

Step 6: 3x — 2 does not factor to match the denominator.

3r — 2
1 ~1
G-Dasy 7L
T 6

b _
(b) r—3 22-9
Step 1: Factor. 22 — 9 = (z — 3)(x + 3).
Step 2: NPVs: x # 3 and x # —3.
Step 3: LCD = (x — 3)(z + 3).
Step 4: Rewrite the first fraction.

z(x + 3) 6

(x=3)(z+3) (x—3)(x+3)
Step 5: Subtract numerators.

r(x+3)—6 24+ 3z —6

(x—=3)(z+3) (x—3)(x+3)

Step 6: 22 + 32 — 6 does not factor over the integers.

22 +32—6
3 _
G_3)wry “THTT3
3x 2

5. Simplify — — .

v —rx—6 x—3
Step 1: Factor. 22 —x — 6 = (z — 3)(z + 2).
Step 2: NPVs: x # 3 and x # —2.

Step 3: LCD = (x — 3)(z + 2).

12



Step 4: First fraction already has LCD. Rewrite the second.

3x 2(x +2)

(x=3)(z+2) (x—3)(x+2)

Step 5: Subtract numerators.

3z —2(z +2) 3r—2x —4 x—4

(x=3)(z+2) (x—=3)(z+2) (x—3)(x+2)

Step 6: x — 4 shares no factor with the denominator.

r—4
(x —3)(x+2)

x#3, xF -2

) . o+l x-1
6. Simplify o + DY
Step 1: Factor. 2? — 4 = (z — 2)(z + 2).
Step 2: NPVs: x # 2 and x # —2.
Step 3: LCD = (x — 2)(z + 2).
Step 4: First fraction already has LCD. Rewrite the second.

r+1 +(91:—1)(91:—2)
(x=2)(z+2) (xr—2)(x+2)

Step 5: Add numerators.
(x+1)+ (z—1)(z—2)
(x —2)(x+2)

Step 6: Expand (z — 1)(z — 2) = 2* — 3z + 2.

x+1+x2—3x+2_ 2 —2r+3
(x —2)(z+2) N (x —2)(x +2)

Step 7: 2% — 2z + 3 does not factor over the integers.

22 —2x+3
, T F£2, xF -2
(x —2)(z +2) 7 7
7. A student simplified 3 and got
. udent simpli — n )
P r—2 x+2 & 2 —4

Step 1: The student subtracted the numerators (3 — 1 = 2) but also multiplied the
denominators instead of finding the LCD correctly.
Step 2: Find the correct LCD.

LCD = (z — 2)(z + 2)

13



Step 3: Rewrite each fraction.

3(x+2) 1(x —2)

(r—-2)(z+2) (z-2)(z+2)
Step 4: Subtract numerators carefully.

3(r+2)—(r—2) 3x+6-—2+2 20 +8

(x —2)(x+2) (x—=2)(z+2) (z—-2)(x+2)

Step 5: Factor the numerator.

20 +8=2(z+4)

Step 6: x + 4 shares no factor with the denominator.
Step 7: State the student’s error. The student correctly used (z — 2)(x + 2) as the

denominator but forgot to multiply each numerator by the missing factor before subtracting.

2(x +4)

(z—2)(z +2) vF2 w2

2z 1 3

x2+3x+2_$+1+x+2’
Step 1: Factor. 22 + 3z +2 = (z + 1)(z + 2).

Step 2: NPVs: x # —1 and = # —2.
Step 3: LCD = (z + 1)(z + 2).
Step 4: Rewrite each fraction with the LCD.

21  Hz+2) 3(z+1)
x4+ 1)(z+2) (x+1)(xz+2) (z+1)(z+2)
Step 5: Combine all numerators in one fraction.
20 — (z+2)+3(x + 1)
(x+1)(x+2)

Step 6: Expand and simplify. Distribute carefully.

8. Simplify

20 —x—24+3r+3=4x+1

Step 7: 4x + 1 does not factor to match any denominator factor.

4o +1
(x+1)(x+2)

x# -1, v# =2

Thank you for learning with ApexMath!

If you found this lesson helpful, we’d love for you to share your feedback or leave a review.

End of Lesson e ApexMath
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