Unit 2 Review — Rational Expressions and
Equations

ApexMath

Lesson Summaries

Lesson 1 — What is a Rational Expression?

A rational expression is a fraction where the numerator, denominator, or both are poly-
nomials. The denominator can never equal zero — values that make the denominator zero
are called non-permissible values (NPVs).

To find NPVs: factor the denominator, set each factor equal to zero, and solve.

To simplify: factor the numerator and denominator completely, state NPVs from the
original denominator, then cancel common factors. You can only cancel factors, not terms.

r —a

=—-1, z#a
a—x

Lesson 2 — Multiplying and Dividing Rational Expressions

Multiply by multiplying numerators together and denominators together. Factor every-
thing first, then cancel common factors before or after multiplying.

A C AC
B*D BD
Divide by multiplying by the reciprocal of the second fraction. When flipping the second
fraction, its original numerator becomes a denominator — add those NPVs too.
A C A D
B D B C
Always collect NPVs from every denominator that appears at any stage.
Lesson 3 — Adding and Subtracting Rational Expressions
You can only add or subtract fractions with the same denominator. If the denominators
differ, find the LCD by factoring all denominators and taking each unique factor to its highest
power.
Rewrite each fraction with the LCD, then add or subtract the numerators. Distribute
the subtraction sign through the entire numerator being subtracted. Simplify the result and
check for cancellation.

Lesson 4 — Solving Rational Equations
To solve a rational equation, multiply every term on both sides by the LCD to eliminate
all denominators. Solve the resulting polynomial equation. Always:

e State NPVs before solving.

e Reject any solution that equals an NPV (extraneous solution).



e Verify valid solutions in the original equation.

A C

For proportions 5= e cross-multiplication: AD = BC.

If eliminating denominators produces a quadratic, solve by factoring or the quadratic
formula, then check both solutions.

Review Practice
Section A — Simplifying Rational Expressions

1. State all non-permissible values for each expression.

4
(a) ——
T+ 3
b
(b) 22 -5 +6
2z

2 —x—12

2. Simplify each expression. State all NPVs.

x? — 36
r+6

(a)

22+ Te + 12
2 —x—12

(b)

3x? — 3z
2 4+2x—3



Section B — Multiplying and Dividing
3. Multiply and simplify. State all NPVs.

4x x?2—9
X
T+ 3 82

(a)

-4 -1

X
r+1 r—2

»?4+rxr—6 22—x—6
X
2 -9 2 —4

4. Divide and simplify. State all NPVs.

-1 x-1

r+2 " x+2

(a)

x2+5x—|—6;x+3
x2—4 T —2

(b)



22— 18 43
2?2—x—6  x—3

(c)

Section C — Adding and Subtracting

5. Add or subtract. State all NPVs.

3:)34—1_35—1—3
Tr—2 r— 2

(a)

x+3+x—1

T n 3
2 -4 x4+2

2—x—-6 x-—3

Section D — Solving Rational Equations

6. Solve each equation. State NPVs and check for extraneous solutions.

(&) —=

5 1
r 3



Section E — Challenge Problems

222 4+ 5r — 3
ST TP 72 State all NPV,
207 _7r 13 Dve all NPV

Hint: 22° + 52 —3 = (2x — 1)(z + 3) and 22*> — Tz + 3 = (2x — 1)(z — 3).

7. Simplify

230 22— 6249
8. Simplify “”xi; X 5‘; i +;j6  State all NPV,

1 1

= 1 State all NPVs and check both solutions.

9. Sol
o T T rx2 3




Answer Key
Unit 2 Review e ApexMath

Section A — Simplifying Rational Expressions
1.

4
() —

Step 1. Set denominator equal to zero. + —7T=0=2x =T.

r+3

b) — "2

(b) 22 —5x+6

Step 1: Factor denominator. z? — 5z + 6 = (v — 2)(x — 3).
Step 2: Set each factor to zero.

r=2 and z=3

’x#2andx7é3‘

2z
(©) x?—x—12
Step 1: Factor denominator. 22 —x — 12 = (z — 4)(z + 3).
Step 2: Set each factor to zero.

=4 and z=-3

‘x#élanda:;é—?)‘

2.

() ——
Step 1: NPV: z # —6.
Step 2: Factor numerator. 2 — 36 = (z — 6)(z + 6).
Step 3: Cancel (z + 6).

x? —36

(x —6)(x +6)
(x +6)

’x—6, x;«é—G‘

=x—06

2 4+ Tr + 12

p) <

(b) 22 —x—12

Step 1: Factor numerator. 2 + 7z 4+ 12 = (x + 3)(z + 4).
Step 2: Factor denominator. z? —z — 12 = (z — 4)(x + 3).
Step 3: NPVs: x # 4 and x # —3.



Step 4: Cancel (z + 3).
(r+3)(r+4) x+4

(z—4)(z+3) z-—4

T+ 4
R

x#4, x# -3

3z% — 3x
S
Step 1: Factor numerator. 3z* — 3z = 3z(z — 1).
Step 2: Factor denominator. z2 4+ 2z — 3 = (z + 3)(z — 1).
Step 3: NPVs: x # —3 and x # 1.
Step 4: Cancel (z —1).

3z(x—1) 3z
(x+3)(z—-1) x+3
3T
1 —
233 TFLa#E3
xr—4
d
<)4—x
Step 1: NPV: 4 —2x=0=2=4,s0x # 4.
Step 2: Rewrite numerator. x —4 = —(4 — z).
(4 —
M:_1
-z
-1, x#4

Section B — Multiplying and Dividing

3.
4o > =9
() x+3 " T8
Step 1: Factor. 2* — 9 = (z — 3)(z + 3).
Step 2: NPVs: x # —3 and x # 0.
Step 3: Cancel (z + 3), one z, and reduce 4/8.

4 (x—=3)(x+3) 4x-3) -3

X
(x+3) 8z - x 8z 21

x_
2 '

x# -3, t#0

-4 -1

(b) X
r+1 T —2
Step 1: Factor. 2> —4 = (v —2)(z +2), 2> = 1= (z — 1)(z + 1).

7



Step 2: NPVs: x # —1 and x # 2.
Step 3: Cancel (z + 1) and (x — 2).

(x=2)(x4+2) (z—1)(z+1)

G+ S wopy  @tde-b

(x+2)(x—1), z#-1, z#2

© >+ x—6 y > —x—6
x2—9 x?—4
Step 1: Factor everything.

P4r—6=(x+3)(z—-2) 22—9=(r—3)(z+3)

2 — 2 —6=(r—3)(z+2) 2 —4=(z—2)(x+2)
Step 2: NPVs: © # 3, v # =3, v # 2, x # —2.
Step 3: Write all factors and cancel (z + 3), (x — 2), (z — 3), (z + 2).

(@+3)(@-2) (2-3)(z+2) .
(x=3)(x+3) (x—2)(x+2)

I, o#3 0#-3 v#2 x# -2

4.
2 =1 cx—1

() T+ 2
Step 1: Flip and multiply.

r?—1 L o2
r+2 x-1
Step 2: Factor. 22 — 1= (z — 1)(z + 1).
Step 3: NPVs: x # —2 and x # 1.
Step 4: Cancel (z + 2) and (x — 1).

(x—1@+1) (@+2) (@-1)(x+1)
@+ (G- @-n_ !

’x—l—l, x # =2, 337&1‘

22+52x4+6 x+3
(b) —5—— +—
T 4 Tr— 2

Step 1: Flip and multiply.

??+5r4+6 x—2
X
x? —4 r+3
Step 2: Factor. 22 +5x+ 6 = (v +2)(x + 3), 2> —4 = (v — 2)(z + 2).
Step 3: NPVs: x #£2, x # =2, x # —3.




Step 4: Cancel (z + 3), (x +2), and (z — 2).

(x 4+ 2)(x + 3) " (x —2) 1
(x=2)(x+2) (x+3)

1, x#2, x# -2, x;«é—?)‘

202 —18 x+3

(c) = :
*—x—6 x—3
Step 1: Flip and multiply.

222 — 18 r—3
X
> —x—-6 x+3
Step 2: Factor. 222 — 18 =2(2? —9) =2(x — 3)(z + 3), 22 — 2 — 6 = (v — 3)(z + 2).
Step 3: NPVs: © # 3, x # —2, x # —3.
Step 4: Cancel (z — 3) and (x + 3).

2(x — 3)(x + 3) " (x —3)
(r=3)(x+2) (r+3)

Wait — after the flip, we have (z — 3) appearing in both numerators. Let us count
carefully.

Numerator factors: 2, (x — 3), (z + 3), (z — 3)

Denominator factors: (z — 3), (z 4 2), (x + 3)

Cancel one (z — 3) from numerator and denominator, and cancel (z + 3):

2(z — 3)
T+ 2
2(x —3
%, x#£3, x#£ -2 v#-3

Section C — Adding and Subtracting

5.
3r+1 z+3

(2) -2 z-—2

Step 1: Same denominator. NPV: z # 2.
Step 2: Subtract numerators with brackets.

Bz+1)—(x+3) 3rz+l-z-3 212

xr—2 xr— 2 =2

Step 3: Factor numerator. 2z — 2 = 2(z — 1). No cancellation.

2(z — 1)
x—2 "

x #2




4 2
b) — —
()x+3+x—1
Step 1: NPVs: z # —3 and x # 1.
Step 2: LCD = (z + 3)(z — 1).
Step 3: Rewrite and add.

4(x —1) 20 +3)  4r—4+20+6 6z + 2

C+3)a—1)  @+3)a-1 @+ +3@-1) @+3)@=1)

Step 4: Factor numerator. 6z + 2 = 2(3z + 1).

23z + 1)

Gra@_1) 7 HeAl

x 3
(c) x?—4 * x+2
Step 1: Factor. 2> —4 = (v — 2)(z +2). NPVs: z # 2, v # —2.
Step 2: LCD = (z — 2)(z + 2).
Step 3: Rewrite second fraction.

x N 3(r—2) x+3x-2)  zr+3r-6 dr — 6
(z—2)(x+2) (2-2(x+2) (-2)(z+2) (-2)(x+2) (z-2)(z+2)
Step 4: Factor numerator. 4x — 6 = 2(2z — 3). No cancellation.

2(2z — 3)
G-2@+2 “7ETT2
2 1
(d) 22—2—6 2-3
Step 1: Factor. 22 — 2 — 6 = (z — 3)(x + 2). NPVs: z #£ 3, x # —2.
Step 2: LCD = (z — 3)(z + 2).
Step 3: Rewrite second fraction.

2 o Hz+2) 2—-(z+2) @ 2-z-2 —x

(—=3)(2x+2) (z-3)(z+2) (x-3)(z+2) (@-3)(x+2) (z-3)(z+2)

—x
, xF 3, xF -2
(x —3)(z+2) 7 7
Section D — Solving Rational Equations
6.
5 1
) =3

Step 1: NPV: z # 0.
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Step 2: Cross-multiply.
Ox3=1xzx = x=15

1
Step 3: x = 15 # 0. Valid. Verify: 1% =3 v
T =15
r+2 3r—1
() T =

Step 1: No variable in denominators, no NPVs.
Step 2: Cross-multiply.
6(x+2)=4(3z—1)

6r+12=12x — 4
Step 3: Solve.

8
1244=12x -6z = 16=6x = ng

8 14 8
849 Mgy 7 3H-1 §-1 7
4: ify: 3 =3 - =_ 3 — —
Step 4: Verify 1 1-13"8 and 5 5 5 v
8
r=-
3
3 2 10

(<) x—1+x+1 221
Step 1: Factor. 22 —1 = (z —1)(x+1). NPVs: z £ 1, z # —1.
Step 2: LCD = (z — 1)(z + 1). Multiply every term.

3(z+1)+2(x—1)=10
3r+3+2xr—2=10

Sbr+1=10 = bHr=9 = ng

9
Step 3: = = R is not an NPV. Valid.

Step 4: Verify: gi +

5 5 5

10 10 10 250 125
Check right side: —g+ =5 — ==
(3) —1 5% 2% 56 28

9

r=—

5

T 3 18

11

) _3+2 15+10_15 5_105+20_125
1 2+1 4 44 14 47 28 28 28



Step 1: Factor. 22 — 9= (z — 3)(z + 3). NPVs: z # 3, z # —3.
Step 2: LCD = (z — 3)(z + 3). Multiply every term.

x(r—3)—3(x+3)=18
Step 3: Expand.
2’ —3x—3x—9=18
2> —6r—9=18

Step 4: Rearrange.
22— 62 —27=0

Step 5: Factor.
(x=9)(z+3)=0 = =9 or x=-3

Step 6: x = —3 is an NPV. Reject it. x = 9 is valid.

. 9 3 3 1 1 18 18 1
Step? Ver1fy:v-9 E_6_1_5_Zandm_ﬁ_z\/

r=9

Section E — Challenge Problems

222 + 5z — 3

202 —Tx +3
Step 1: Use the hint. 222 +5r — 3 = (22 — 1)(z + 3) and 222 — 7Tz + 3 = (22 — 1)(z — 3).

1
Step 2: NPVs: (2x—1)20:>x:§ and (r —3)=0= 2 =3.
Step 3: Cancel (2z —1).

7. Simplify

2z -1)(x+3) x+3
2x—1)(z—3) x-—3
r+3 1

3 x#i, x#3

2 +3r 2—6x+9

X
x2—9 24z —6
Step 1: Factor everything.

8. Simplify

2+ 3z = x(x +3)
7?2 —9=(z—3)(z+3)
22 — 6z +9=(z —3)
2+ 1 —6=(1r+3)(r—2)

Step 2: NPVs from all denominators: x # 3, v # —3, x # 2.
Step 3: Write all factors and cancel.
Numerators: x, (z + 3), (z — 3)?

12



Denominators: (z — 3), (x + 3), (x4 3), (z —2)
Cancel one (x 4 3) and one (z — 3):

z-(x+3) (z—3)? _ z(zr — 3)
(x—=3)-(x+3)-(z+3)-(z—2) (z+3)(x—2)
z(x — 3) 3 5

1 1
9. Solve — = _,
r—2 x+2 3
Step 1: NPVs: x # 2 and x # —2.
Step 2: LCD = 3(z — 2)(z + 2). Multiply every term.

3(x+2)—-3r—-2)=(r—-2)(z+2)

Step 3: Expand left side.
3r+6—-3r+6=12

Step 4: Expand right side.
(x—2)(x+2)=2>—4
Step 5: Set equal and solve.
2’ —4=12 = 2°=16 = z=4 or z=-4

Step 6: Neither 4 nor —4 is an NPV. Both are valid candidates.
Step 7: Verify x = 4.

1 1 1 1 3 1_2_1/
4—2 442 2 6 6 6 6 3
Step 8: Verify z = —4.
1 11 I 1+1_ 1+3_2_1/
—4-2 —44+2 -6 -2 6 2 6 6 6 3

’x:4andx:—4‘

Thank you for learning with ApexMath!

If you found this lesson helpful, we’d love for you to share your feedback or leave a review.
End of Unit 2 Review o ApexMath
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